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Abstract-Shear warpings of a composite laminate are shown to be functions of its stacking
sequence, its ply angles, and the material properties of layers. Moreover, a new formulation of shear
correction factors is derived by matching the exact shear stress resultants and shear strain energy
with those of the equivalent first-order shear deformation theory. Without solving a plate problem
with specified loading and boundary conditions, approximate analytical shear warping functions of
a composite laminate can be derived by using the continuity conditions of in-plane displacements
and interlaminar shear stresses and the free shear stress conditions on the bonding surfaces. The
approach results in a layerwise higher-order shear deformation theory that contains most shear
deformation theories as special cases and reveals the shear coupling effect of angle-ply laminates. A
combination of the present method of deriving shear warping functions and the new formulation
of shear correction factors can be used to obtain fairly accurate a priori estimates of shear correction
factors for the use of the first-order shear deformation theory in analyzing highly anisotropic
laminates. For isotropic plates, the shear correction factor obtained is 5/6. For orthotropic laminates,
the shear correction factors obtained are compared with those results in the literature that are
obtained by using predictor--{;orrector procedures. Shear correction factors for some symmetric and
asymmetric angle-ply laminates, of which the shear correction factor accounting for the shear
coupling effect is non-trivial, are also presented.

I. INTRODUCTION

Shear effects are significant for composite laminates, since the ratios of the Young moduli
to the shear moduli are between 20 and 50 in modern composites and between 2.5 and 3,0
in isotropic materials. Moreover, transverse shear deformation effects can be more impor
tant in anisotropic plates than in isotropic or even orthotropic structures of the same
geometry (Gulati and Essenburg, 1967; Noor and Burton, 1990a). Although transverse
shear stresses are much smaller than in-plane stresses, they cause delamination because
laminated composites are weak in interlaminar shear strengths. Hence an accurate pre
diction of interlaminar shear stresses is necessary in the failure analysis of laminated
composites.

For thin laminated plates, lamination theories that employ a single expansion for the
warping displacements throughout the entire laminated thickness are commonly used in
dynamic analysis. There are several shear-deformable plate theories, such as the first-order,
third-order (Bhimaraddi, 1984; Reddy and Liu, 1985; Dennis and Palazotto, 1989), and
other higher-order theories (Mirsky and Herrmann, 1957; Zukas and Vinson, 1971; Whit
ney and Sun, 1974; Voyiadjis and Shi, 1991). However, these single-expansion theories do
not account for the continuity of interlaminar shear stresses and the elastic coupling of the
two transverse shear deformations, and hence they are valid only for isotropic and one
layer orthotropic plates (Pai et aI" 1993; Pai and Nayfeh, 1994),

Although exact linear solutions of some laminated plates can be obtained by solving
the three-dimensional elasticity equations, the procedure becomes very cumbersome when
the number of layers increases (Pagano, 1969, 1970). Moreover, the resulting warping
functions are functions of loading and boundary conditions and thickness-to-span ratio.
Hence the use of three-dimensional models in analyzing anisotropic plates is com
putationally expensive and infeasible for practical use.
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After the global responses of a laminate are obtained by using either the classical plate
theory or the first-order shear deformation theory, indirect post-processing techniques
using the three-dimensional elasticity equations can give reasonable solutions for inter
laminar stresses (Whitney, 1987). For anisotropic plates, the use of the classical plate theory
results in inaccurate global responses. On the other hand, because the first-order shear
deformation theory requires shear correction factors to adjust the transverse shear stiffnesses
to match the response predicted by the two-dimensional theory with that of the three
dimensional elasticity theory, accurate results can be obtained by using the first-order shear
deformation theory only if correct shear correction factors are used. Unfortunately, shear
correction factors are unknown before exact solutions are obtained. Hence there is concern
in using these indirect post-processing techniques in general application, especially for
highly anisotropic plates.

To improve the indirect post-processing techniques, Noor and Burton (1989a, 1990a,b)
and Noor et al. (1990) proposed predictor-eorrector procedures to correct the shear
correction factors used in the first-order shear theory by using iteration processes. First,
the first-order shear deformation theory is used in the predictor phase to calculate initial
estimates for the gross structural response as well as the in-plane stresses. Second, three
dimensional equilibrium equations and constitutive relations are used to calculate transverse
shear and normal stresses and strains. Third, the results from solving the three-dimensional
equations are used to correct the shear correction factors or to obtain shear warping
functions. Finally, the system is analyzed again by using the modified model. Although this
method is likely to be able to obtain correct interlaminar stresses, solving three-dimensional
elasticity equations and iteration procedures are computationally complex and expensive.
Moreover, the shear correction factors obtained are functions of boundary conditions,
plate geometry, and loading conditions, and hence they cannot be directly used for other
plate configurations. Moreover, this method cannot be easily extended to solve problems
involving geometric non-linearities.

Several approaches have been proposed for obtaining the shear correction factors for
composite laminates. Most of these approaches are based on matching certain gross
responses predicted by the first-order theory with those obtained from the three-dimensional
elasticity theory. Gross responses used for matching include the transverse shear strain
energy, the propagation velocity of a flexural wave, the natural frequency of the thickness
shear vibration mode, etc. (Yang et al., 1966; Chow, 1971 ; Dong and Tso, 1972; Whitney,
1973; Bert, 1983). All these methods require the elasticity equilibrium equations to be
solved.

Since the results of Noor et al. (1990) show that only one iteration is usually required
for obtaining accurate results even with a rough initial guess of the shear correction factors,
the first-order shear deformation theory seems to be adequate for predicting the gross
response characteristics of plates without iteration if fairly accurate shear correction factors
are used in the first run. The first-order shear deformation theory has several major
advantages over other theories: (i) only five displacement variables are used in the mode
ling; (ii) only linear functions of the thickness co-ordinate are involved in the displacement
field, and hence exact structural matrices in a finite-element analysis can be obtained without
using direct numerical integrations; and (iii) only CO continuity is required for the shear
variables if the influence of shear deformations on the in-plane strains is neglected. Since
these advantages are very useful in developing a large-scale finite-element code of analyzing
anisotropic composites, it is also useful to obtain approximated shear warping functions
and shear correction factors before solving the three-dimensional equilibrium equations.
However, the problem is how to obtain shear warping functions and shear correction
factors without solving the whole system with specified boundary and loading conditions.

For moderately thick composite shells, Di Sciuva (1987) used a piecewise linear
displacement field to fulfill the interlaminar continuity conditions for shear stresses. Unfor
tunately, this theory does not satisfy the free shear-stress conditions on the bonding
surfaces. Pai et al. (1993) and Pai and Nayfeh (1994) extended the piecewise linear dis
placement field used by Di Sciuva (1987) by using quadratic and cubic interpolation
functions. This displacement field satisfies the continuity conditions of interlaminar shear
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stresses, accommodates free shear-stress conditions on the bonding surfaces, and accounts
for initial curvatures and non-uniform distributions of transverse shear stresses in each
layer. This theory contains most shear theories as special cases and reveals the shear
coupling effect.

In this paper, we modify our layerwise higher-order shear-deformation theory (Pai et
al., 1993; Pai and Nayfeh, 1994) and investigate the characteristics of shear warping
functions and the shear coupling effect. Moreover, we present a general derivation and
interpretation of shear correction factors of anisotropic laminates. A combination of these
two new developments can be used to obtain a better estimation of shear correction
factors before solving for the response of an anisotropic laminate to specified loadings and
boundary conditions.

2. SHEAR WARPING FUNCTIONS

To show that shear strains are independent of the reference plane deformations, we
consider the Kirchhoff bending of a plate. Figure I shows the co-ordinate system xyz, the
plate thickness h, and the ply angle rJ.. With the adoption of Kirchhoff hypothesis, the
displacement field is

U j = U-IV,Z

U, = w (I)

where u, v, and ware displacements of the reference point (i.e. the point on the reference
plane) along the axes x, y, and z, respectively, and Uj, U2, and U3 are displacements of an
arbitrary point on the observed plate element along the axes x, y, and z, respectively.
Transverse shear strains 8u and 823 are obtained as

(2)

Hence, under the assumption of Kirchhoff bending, there are no transverse shear strains.
Moreover, the constitutive equation for the ith layer in a laminate is (Whitney, 1987)

(3)

where

z

X

Fig. I. The co-ordinate system xyz for a rectangular composite laminate.
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(4)

and where G)i~ and G~1 are transverse shear moduli and a(il is the ply angle of the ith layer.
Hence it follows from eqns (2) and (3) that transverse shear stresses a'V1 and G'~1 are also
zero.

Since reference plane deformations u, v, and w do not affect transverse shear strains
and there are no transverse shear strains when a plate cross-section is assumed to be rigid
(i.e. the Kirchhoff assumption), transverse shear deformations are due only to cross-section
warpings. Consequently, distributions of transverse shear strains can be approximated
before solving the whole structural problem in order to obtain the reference plane defor
mations.

To include cross-section warpings, we assume the displacement field of the ith layer as

(5)

Here, u(x, y, t), vex, y, t), and w(x, y, t) are the displacements of the reference point, t denotes
time, Y4(X,y, t) and Ys(x,y, t) are the transverse shear rotation angles at the reference plane,
and ay)(x,y, t) and f3Y)(x,y, t) are functions to be determined by using the continuity
conditions of in-plane displacements and interlaminar shear stresses and the stress con
ditions on the bonding surfaces.

It follows from eqns (2) and (5) that the transverse shear strains are

C)i~ = Ys +2aVlz+3f3)ilz2

c~1 = Y4+2a~)z+3f3~lz2.

(6)

We also assume that there is no delamination. Hence the in-plane displacements Ul and U2

and interlaminar shear stresses G'J3 and G'23 are continuous across the interface of any two
adjacent laminae. Moreover, it is assumed that there are no applied shearing loads on the
bonding surfaces and hence 0'13 = 0'23 = CJ3 = C23 = 0 at Z = ZI and Z = ZN+l planes, where
N is the total number of layers. Hence, we have

cW(x,y,Z], t) = 0

cW(x,y,z], t) = 0

U~)(X,y,Zi+I,t)-U~+I)(X,y,Zi+I,t) = 0 for i= I, ... ,N-I

0'~1(x,y,Zi+h t) -O'~tl)(X,y, Zi+], t = 0 for i = 1, ... ,N-I

(7)

These 4N algebraic equations can be used to determine the 4N unknowns (i.e.
a)i), a~), {J)i), f3~) for i = I, ... , N) in terms of 'Y4 and 'Ys as
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(8)

where a~! and b~! are functions of Zj, Q~J, Q~J, and QVJ. Hence it follows from eqns (5)
and (8) that

(9)

where g\iLg\iLg~L and g~~ are polynomial functions of z, defined as

(10)

g\i~ and g~~ are the so-called shear warping functions, and we call g\i~ and g~~ shear coupling
functions.

Since each gi? is constrained to pass through the origin, it cannot be used to represent
an arbitrary cubic function for the ith layer. Hence, to have complete cubic functions, we
add two constants to each g~? and assume that

It follows from eqn (9) that the strains are

s~~ = 0 (12)

where gJVz == ogJV/oz. Substituting eqns (9), (12), and (3) into eqn (7) and then setting the
coefficients of Y4 and Ys to zero yield 8N algebraic equations. However, we have 16N
unknowns-a\iL an, a~L a~L b\i~, b\t b~L b~L c\'L C\i1, c~t c~L d\t dn, d~l, d~L for
i = I, ... , N. Hence, we need 8N extra equations in order to solve for these constants.

According to the shear warping functions obtained and shown in eqn (10), if the Jth
layer contains the origin of the co-ordinate system, one needs to choose

(13)

which makes the warping functions pass through the origin and Y4 and Ys represent the
shear rotation angles at the reference plane. For other layers, one can again choose to use
eqns (13). Then, eqns (13) for i = 1, ... , N represent the required 8N equations. However,
the warping functions in eqn (10) are constrained to pass through the origin, and hence
they are inappropriate for laminates consisting of few layers.

For isotropic plates, elasticity solutions show that (Timoshenko and Goodier, 1970)
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Hence we propose to use

(14)

(15)

for i= 1, ... , J-l, J+l, ... N. Equations (13) and (15) represent the required extra 8N
equations. However, the form of 0'11 in eqn (14) is valid only if the y-axis represents the
neutral axis of the cross-section on the y-z plane, and the form of 0'23 is valid only if the x-axis
represents the neutral axis of the cross-section on the x-z plane. Hence, for an anisotropic
laminate, the neutral axis of the cross-section on the x-z plane may not be on the midplane,
the neutral axis of the cross-section on the y-z plane may not be on the midplane, and these
two neutral axes may not be on the same plane. These cause difficulties in and reveal
complexity of the analysis of anisotropic laminates. However, for symmetric and skew
symmetric laminates, the neutral axes are always on the midplane.

In using the present method of deriving warping functions, the contacting surface of
two adjacent layers cannot be used as the reference plane because g24z and gl5z are dis
continuous at z = 0 and hence Y4 (= f4 g\(d=I=~o) and f5 (= Ys g\J2zlz~o) are undefined at the
z = 0 plane. Moreover, if a surface layer contains the reference plane, to release the stiffness
of warping functions it is better to divide the layer into two layers; one contains the
reference plane, and the other contains the outer surface.

3. SHEAR CORRECTION FACTORS

It follows from eqns (12) and (3) that

Q-II·)l{q(I..)"' +gl'.) }' }45 • 1 5= I 5 14= 4

Q~~ q~Lf4 +g~Lf5 .
(16)

We point out here that eqn (16) is exact because exact transverse shear strains can always
be put in this form, although g52 may be not polynomial functions as those shown in eqn
(10) or eqn (11). Hence all derivations presented in this section are exact. To derive the
shear correction factors, we consider the form of eqn (16) and assume that the shear stress
resultants QI and Q2 of an equivalent first-order shear deformation theory have the form

(17a)

where

A - fQ-li)d-45 = 45"

A - fQ-li)d-55 = 55'" (17b)

·_. --r---- ...-----

Moreover, k], k 2 , and k 3 are shear correction factors, Y4 and Y5 are energy-averaged
representatives of Y4 and Y5, respectively, C1 accounts for the shear coupling effect of f4 on
Q" and C2 accounts for the shear coupling effect of f5 on Q2' Hence there are seven
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unknowns (i.e. k l , k z, k 3 , Y4' Ys, CI, cz) to be determined by matching the shear stress
resultants QI and Q2 and shear strain energy En ofthe derived layerwise higher-order shear
theory with those of the equivalent first-order shear theory.

It follows from eqn (16) that

(18)

(19)

(20)

where

C - f(Q-(i1g(i) + Q-(i) g(i) )dz
II - 55 15z 45 25z

C - f(Q-(i) g(i) +/Hi) g(i1 )dz
12 - 55 14z ~45 24z

C - f(Q-(il g(i) + Q-(i) g(i) )dz21 - 44 24z 45 14z

C - f(Q-Ci) g(i) + Q-(j) g(i1 )dz
22 - 44 25z 45 15z

C - f(Q-Ci) g(i) 2+Q-(j) g(i) 2+2Q-(i) g(i) g(jl )dz
31 - 44 25z 55 15z 45 15z 25z

C - f(Q-(i1g(i) 2 +Q-(i)g(i1 z+2Q-(i1g(j) g(i) )dz
33 - 44 24z 55 14z 45 14z 24z .

It follows from eqn (17a) that

(21)

(22)

(23)

QI = (k 1A 55 +C2 k 3A 45)Y5 +(k3 A 45 +c l k IA 55 )Y4

Q2 = (k2A 44 + CI k 3 A 45 )Y4 + (k 3 A 45 + cZk 2A 44 )Y5

2En = QI(Y5+ CIY4)+Q2(Y4+ C2Y5)

= y;(k l Ass +2k3 A 4S C2+kzA 44 CD +2Y4YS[k l Assc l +k3 A 45 (1 +CI C2) +k2A 44 C2]

(24)

Setting the term that contains Y4(Y5) in eqn (18) equal to the term that contains Y4(Y5)
in eqn (22) yields
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(25)

(26)

Similarly, it follows from eqns (19) and (23) that

We also obtain from eqns (20) and (24) that

It follows from eqns (29), (28), and (25) that

We obtain from eqns (30), (26), and (27) that

It follows from eqns (30), (28), and (25) that

From eqns (31), (26), and (27), we obtain

From eqns (34), (35), (32), and (33), we obtain that

C21 Cn -C33 C22

CII C 33 - C I2 C 32

It follows from eqns (32) and (35) that

15 C 11 +C2 C 22

"'75 C31

(4 C 21 +CI C I2

"'74 C33

(27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

It also follows from eqns (25), (26), (38), and (39) that the shear correction factors are
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k, = CI2C3J(C21 +CICJ2)-C,C'IC33(CIJ +C2 C22).

. A 4S C31 C 33 (1-C1C2)

One can also obtain from eqns (27), (28), (38), and (39) that

k, = C22 C33 (C1J +C2C22)-C2C2JC3J(C21 +c I C 12).

.. A4SC3JC33(1-C1C2)

2303

(40)

(41)

(42)

(43)

It can be proved that the k 3 in eqn (41) is equal to that in eqn (43) by using eqns (38), (39),
and (32)-(35).

To use the equivalent first-order shear theory in solving structural problems, one needs
to define coupled energy-averaged shear rotation angles Ys and Y4 as

(44)

The equivalent displacement field is then

U\il = u- wxz+ysz

(45)

Using eqn (45) to derive the first-order shear-deformable plate theory and then solving the
governing equations with specified boundary and loading conditions, one can obtain the
solutions of u, v, W, Y4, and '9s. After the values of Y4 and 1s are obtained, one can obtain
from eqn (44) that

(46)

One can then use eqns (38) and (39) to obtain 1'4 and I's, and one can next use eqns (12)
and (16) to obtain transverse shear strains and stresses.

We note that the present method of calculating shear correction factors is not limited
by the form ofwarping functions shown in eqn (II). Ifexact warping functions are available,
this method can be used to obtain exact shear correction factors.

We note that eqns (40)~(43) show that

(47)

but k 3 = ~/klk2 is used by some researchers in the literature.
The influence of transverse shear deformations on the in-plane strains [see eqn (12)] is

not included in the matching of strain energies. However, if Ql and Q2 are constant, then
/4x = 1'4y = I'Sx = I'Sv = 0 and the transverse shear strain energy is decoupled from the flexural
strain energy. We also note that kinetic energy is not considered in the matching. Since
kinetic energy is a function of u, v, and was well as 1'4 and I's, to match the kinetic energies,
system responses need to be obtained before the kinetic energies can be determined, which
is not practical and the results are problem-dependent. However, since the kinetic energy
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due to shear warpings is relatively small, using the shear correcting factors obtained by
matching the shear strain energy only should result in no significant loss of accuracy.

Free-edge effects can affect the shear warping functions around the edges of a plate if
the load distributions on the edges are not the same as those of St. Venant's solutions
(Iesan, 1987). However, free-edge effects are neglected here.

4. NUMERICAL RESULTS AND DISCUSSIONS

4.1 Isotropic and single-layer orthotropic plates
For an isotropic plate with the midplane being the reference plane, we obtain

c 1 = cc = O.

Substituting eqn (48) into eqns (38)-(40) and (42) yields

'( s r4
----

(48)

(49)

(50)

For this case, k, is indeterminate according to eqns (41) and (43), but A 45 = 0 and hence
A45 k J = 0, which is the result needed in using eqn (l7a). Equation (50) shows that the shear
correction factors obtained are the same as those obtained from the elasticity solution
(Reissner. 1945). Pai et al. (1993) showed that warping functions of one-layer orthotropic
laminates are the same as those in eqn (48).

We point out that r4 and 'Ys are geometric shear rotation angles at the midplane and '74
and '7s represent energy-averaged values of r4 and rs, respectively. Moreover, 'Y4 and '75 are
different from geometry-averaged shear rotation angles Y4 and Ys, which are defined and
obtained as

(51)

The shear correction factors defined in this paper are not exactly the same as those
defined by matching only the shear strain energies of the equivalent first-order shear theory
and the three-dimensional elasticity theory. If the exact distributions of shear strains of an
orthotropic laminate are given, one can use the present method to extract the geometric
shear rotation angles r4 and (s on the reference plane and the derivatives of shear warping
functions as
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(52)

Using eqn (52), one can calculate the coefficients in eqns (21), (36), and (37). One can then
calculate the energy-averaged shear rotation angles Ys and Y4 by using eqns (44), (38), and
(39) and obtain shear correction factors by using eqns (40)--(43). In using the equivalent
first-order shear deformation theory to solve for system responses, boundary conditions
for Y4 and Ys can be obtained from the boundary values of f4 and Ys by using eqns (38),
(39), and (44). On the other hand, if only shear strain energies are matched, one does not
know how to obtain the values of shear representatives (i.e. -}4 and Ys in the present theory)
because they are not defined. It is a common practice in the literature to use either the
geometry-averaged shear rotation angles (i.e. Y4 and 15) or the shear rotation angles at the
reference plane (i.e. }'4 and Ys in the present theory) as the shear representatives.

If the shear representatives of the isotropic plate considered are chosen to be the
geometry-averaged shear rotation angles, that is, Y4 = 2Y4/3 and Ys = 2Ys/3, then matching
the exact shear strain energy with that of the equivalent first-order shear theory results in
k] = k 2 = ~. On the other hand, matching the exact shear resultants QI and Q2 with those
of the equivalent first-order shear theory results in k I = k 2 = I. Hence inconsistency occurs.
Moreover, because shear representatives are not well defined, one needs to make a subjective
choice for their boundary values when the equivalent first-order shear theory is used to
solve for system responses. Ofcourse, different choices of boundary values result in different
system responses. Hence the present shear correction factors are not exactly the same as
those in the literature. Moreover, for practical plate problems, the effect due to incorrect
choice of boundary values for the shear representatives is always mixed with the free-edge
effect, and hence it is difficult to distinguish them.

Since there are no shear couplings, the shear warping functions represent the cross
section warpings when f4 = I and fS = 1. Assu'ning G = 5 x 10spsi(lbf/in.2

) and h = 0.005
in., we obtain Fig. 2. Figures 2(a) and 2(b) show that, if the reference plane is shifted from
the midplane to a plane at a distance a above the midplane, the shear warping function is
just shifted by a constant, the distribution of shear stress is still parabolic, and its maximum
still occurs at the midplane. In other words, the shifted warping function !A~ can be obtained
from the midplane warping function g\i~ [see eqn (48)] as

(53)

Moreover, the shear correction factors do not change, and '74 does not change because

}'~
(54)

where y~ denotes the shear rotation angle at the z = a plane. Similarly, one can prove that
Ys does not change when a different reference plane is used. However, the ratios Y4/Y4 and
YsIYs change because f4 and Ys represent the shear angles at the current reference plane, not
the midplane. Moreover, because the z = a plane is not the neutral plane, extension and
shear deformations are coupled even if there are no in-plane loads.

4.2 Orthotropic laminates
We consider the orthotropic laminates studied by Pagano (1969, 1970). The properties

of these graphite/epoxy layers are

Ell = 25 X 106 psi, E 22 = 1 X 106 psi, En = I x 106 psi;

VI2 = 0.25, VI, = 0.25, V2 3 = 0.25;
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Fig. 2. An isotropic plate: (a) the shear warping function 9", and (b) the transverse shear stress

G12 = 0.5 X 106 psi, Gl3 = 0.5 X 106 psi, G23 = 0.2 X 106 psi;

thickness, i = 0.005 in. (55)

Because shear coupling functions 9 14 and g2S are obtained to be zero for orthotropic
laminates, (J\j~/ys = G'3g)iL and (Jg~/Y4 = G23ggL if IX = 0° and (Jnlis = G23g\i~z and
(Jg~/Y4 = Gl39gt if IX = 90°. Hence the distribution of transverse shear stresses can be
obtained without knowing the values of Y4 and Ys. For the [0°/90°] laminate, the shear
warping function 91s and the transverse shear stress (J'3 (if Ys = 1) are shown in Fig. 3,
where the reference plane is chosen to pass through the neutral axis of the cross-section on
the y-z plane. In Fig. 3(b), we note that the distribution of (J13 obtained (the solid line) is
almost the same as the exact one (the broken line) obtained by Pagano [1969, Fig. 3(c)].
Moreover, the shear correction factors obtained (k j = k 2 = 0.8538) are close to those of
Whitney (1973) (k) = k 2 = 0.8212). We point out here that the comparison shown in Fig.
3(b) (together with others in the following) is qualitative and not quantitative because the
solid line in Fig. 3(b) represents (Jl3/Ys but the broken line represents (J13 (the horizontal
scale is not for this measure) with the specified boundary and loading conditions studied
by Pagano (1969).

For the [0°/90 0 /0°] laminate, the shear warping functions and transverse shear stresses
(if Y4 = 1's = I) are shown in Fig. 4. Since this is a symmetric laminate, the midplane is used
as the reference plane. In Fig. 4(b), we note that the distribution of (J13 obtained (the solid
line) is similar to the one (the broken line) obtained by Pagano [1969, Fig. 4(c)]. In Fig.
4(d), the broken line is obtained by Pagano (1970, Fig. 7). The shear correction factors are
obtained as k, = 0.7031 and k 2 = 0.8676; there are no valid data in the literature for
comparison.

Next, we consider the orthotropic laminates studied by Noor and Burton (l989b). The
material properties are
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stress 0'".

Ell = 15x 106 psi, E 22 = I X 106 psi, E 33 = I X 106 psi;

Vl 2 =0.3, VI3 =0.3, V23 =0.49;

GI2 = 0.5 X 106 psi, G13 = 0.5 X 106 psi, G23 = 0.35 X 106 psi;

thickness, i = 0.005 in. (56)

._ ..~..

For the [00 /900 /00 /900] laminate, the shear warping function 915 and transverse shear stress
<113 (if Y5 = I) are shown in Fig. 5. Figure 5(b) demonstrates that the distribution of <113

obtained (the solid line) is similar to the one (the broken line) obtained by Noor and Burton
(I 989b, Fig. 3). However, the shear correction factors obtained (k l = k 2 = 0.8138) are
different from those of Noor and Burton (l989b) (k l = k2 = 0.6889). Since only shear
strain energy is matched in defining shear correction factors in the work of Noor and
Burton (1989b) but both shear strain energy and shear stress resultants are matched in the
present work, the discrepancy in the estimated shear correction factors may be due to the
difference in definitions of shear correction factors. Moreover, since the warping functions
and shear stress distributions obtained by Pagano (1969) and Noor and Burton (1989b)
are dependent on the boundary and loading conditions and the thickness-to-span ratio
[see, for example, Figs 4(c) and 4(e) of Pagano (1969)], the discrepancy is also problem
dependent. However, the discrepancy may be because the assumed polynomial warping
functions (see eqn (II)) do not fit the actual warping geometry very well. This will be the
subject of future work in this area.

For the [00/900/00/900/00/900/00/90%°] laminate, the shear warping functions and
transverse shear stresses are shown in Fig. 6. Figure 6(d) shows that the distribution of <123

obtained (the solid line) is similar to the one (the broken line) obtained by Noor and Burton
(1989b, Fig. 4). The shear correction factors obtained (k 1 = 0.8133, k 2 = 0.8156) are close
to k I = k 2 = 5/6, which are expected because an orthotropic laminate should behave like
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an isotropic one when the number of plies becomes large. Again, the values obtained are
different from those of Noor and Burton (I 989b) (k , = 0.8365, k 2 = 0.7345).

For a nineteen-layered cross-ply laminate (i.e. [(0/90h/0j), the shear warping func
tions and transverse shear stresses are shown in Fig. 7. We note that, although the shear
warping functions and shear stresses are zigzag, their global distributions are very similar
to those of an isotropic plate (i.e. a parabolic function, see Fig. 2). Moreover, the shear
correction factors obtained (k , = 0.8112, k 2 = 0.8116) show that k j ~ k 2 , which is because
the number of plies is large and hence the laminate behaves like an isotropic one. The
values obtained are close to those of Noor and Burton (I989b) (k , = k 2 = 0.8018 for a
twenty-layered cross-ply laminate).

4.3 Anisotropic laminates
We consider angle-ply laminates consisting of layers having material properties shown

in eqn (56). For a general angle-ply laminate, because of extension-extension couplings,
the neutral axes cannot be located. However, for symmetric and skew-symmetric laminates,
the midplane is the neutral plane. For a symmetric [10'/5/0"/5 '/10'] laminate, the shear
warping and coupling functions are shown in Fig. 8. We note that shear coupling functions
g\'1 and g~~ are non-trivial and are odd functions. Since shear couplings exist and shear
rotation angles r4 and rs are unknown before the system responses are obtained, the
distributions of shear stresses are unknown. However, the shear correction factors are
obtained as k , = 0.8313, k 2 = 0.8298, and k 3 = 1.3012. We note that k, =1= jk 1k 2 , but
some researchers used k 3 = Jk 1k 2 in analyzing composite laminates. Moreover,
C j = 0.0501 and C 2 = 0.07462 [see eqn (I7a)), which show the influence of shear couplings
on the shear stress resultants.

For a skew-symmetric [10 /5%/ - 5/ -10] laminate, the shear warping and coupling
functions are shown in Fig. 9. We note that shear coupling functions g\'1 and g~~ are even
functions. The shear correction factors are obtained as k I = 0.6056, k 2 = 0.6389, and k, = 0
(because A 45 = 0), and CI = C2 = O. If g\'1 and g~~ were neglected, k j would be 0.8337 and

SAS 32: 16-C
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Fig. 9. A [10°/5"10' / -5"1-10°] laminate : (a) the shear warping functiong'5 and the shear coupling
function g'4' and (b) the shear warping function g24 and the shear coupling function g25'

k 2 0.8321. It shows that shear couplings do affect the values of k, and k 2 although
k 3 = C, = Cz = O.

For an asymmetric [60°/30% 8 /90°/45"] laminate, the shear warping and coupling
functions are shown in Fig. 10. We note that shear coupling functions g)i1 and g~1 are not
even or odd functions. The shear correction factors are k, = 0.6784, k 2 = 0.7195, and
k 3 = 2.1981, and c, = -0.04086 and C2 = 0.3361. We note that k 3 is much greater than
unity. This shows that it is difficult to estimate the value of k 3 based on our understanding
of isotropic and orthotropic plates.

Although the present method of deriving warping functions is not exact, the derived
warping functions satisfy the continuity conditions of in-plane displacements and inter
laminar shear stresses and the free shear stress conditions on the bonding surfaces. More
over, the definition of shear correction factors presented in Section 3 is more rigorous than
others in the literature. Hence a combination of the new method of deriving warping
functions and the new definition of shear correction factors can be used to obtain fairly
accurate shear correction factors. Since the range of validity of the first-order shear theory
is strongly dependent on the shear correction factors used, the present method can extend
the validity of the first-order shear theory in analyzing anisotropic plates. After the system
responses are obtained by using the equivalent first-order shear deformation theory, if
more accuracy is required, one can use the post-processing technique to solve the three
dimensional elasticity equations or even use the predictor--eorrector procedures to refine
the solution.

5. CLOSURE

Shear warping functions of a laminate are shown to be dependent on detailed laminate
construction and material properties of constituent layers, and they can be approximated

-r---' -_.' --.--.---.-------.---'---
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Fig. 10. A [60°/30%°/90°/45°] laminate: (a) the shear warping function gl5 and the shear coupling
function g14' and (b) the shear warping function g24 and the shear coupling function g25'

by using the continuity conditions of in-plane displacements and interlaminar shear stresses
and the free shear stress conditions on the bonding surfaces. The resulting shear deformation
theory reveals the elastic coupling effect between two transverse shear deformations of an
anisotropic laminate. Moreover, a new method of calculating shear correction factors is
derived, in which the shear stress resultants and shear strain energy are conserved. The
shear warping functions and shear correction factors obtained are fairly accurate compared
with available exact solutions. The present method extends the validity of the first-order
shear deformation theory in analyzing anisotropic laminates.
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